Abstract. In 1959 Devinatz remarked that if p * v is a determinate measure on the real Une, then so are p. and v. It is shown here how this follows from a theorem of M. Riesz, and also how it can be extended to d dimensions. Recently Diaconis raised the question whether the converse is true. We answer this in the negative by producing a determinate measure v on the real Une such that v * v is indeterminate. The relation to previous work of Heyde and to the condition of Carleman is discussed.
In the indeterminate case [p] is a convex set, and it is not difficult to see that [p] is compact in the weak topology. We shall also need the following result which is a special case of a theorem of Douglas [7] , and for d = 1 it is usually attributed to Naimark (cf. Akhiezer [1, p. 47] ).
Proposition. Let p g J(*(Rd). Then p is an extreme point o/[p]
if and only if the polynomials are dense in L1(R</, p). In particular, the polynomials are dense in L1(R'i, p) in case p is determinate.
For p g Jif*(Rd) the Fourier transform p: Rd -» C is a C°°-function given by ß(y)= j' e'<'-»dp(x), yGR¿.
•V
The zero set {p = 0} may of course have interior points since it is even possible that p has compact support. We have, however, the following result:
Proof. Assume that p is identically zero in an open neighbourhood of y0 g Rd. Then also Daßiy) = iMf xae,<x'?>dnix) = 0 for all y in this neighbourhood and all a G Nq , and this implies in particular that ( pix)ei<x'yo>diJiix) = 0
•V for all polynomials p. Since e'<*-->'°> is bounded and p is an extreme point of [p], we get by Proposition 1.1 that e^*--*"») is zero p-almost everywhere, which is a contradiction.
In the case d=lwe also prove by contradiction that {p = 0} is discrete. In fact, if {p = 0} has an accumulation point y0 we can find a sequence ( y") of mutually different points from {p = 0} converging to y0, and we may assume that it is either increasing or decreasing. By the mean-value theorem this sequence is separated by a sequence (£") converging to y0 such that (Rep)'(£") = 0, hence (Rep)'(y0) = 0-Repeated applications of the mean-value theorem show that (Rep)("'(y0) = 0 for all n and, similarly, (Im p)(n)(y0) = 0. Therefore /(ix)V** dnix) = 0 for all n > 0, 1.6. Remarks, (a) It is easy to show that if p g J(*(R) is indeterminate then p * p is indeterminate. Indeed, if p is indeterminate then for any real t there is a measure a, -p with an atom at í (see [15, p. 60 or Theorem B in 10]). Thus at * a, has an atom in 2/ and is equivalent to p * p, which then has to be indeterminate.
(b) As an application of Proposition 1.5 we see that if p g JÍ*{R) is indeterminate and symmetric (hence i"(p) = 0 for n odd), there exist nonsymmetric measures with the same moments. In fact, if all the measures in [p] were symmetric then Ca ç R for all a g R. This fact has been noticed by Heyde [9] . 
Lemma. There exists a determinate probability a G^*(R)
such that x2a is determinate and a * a *a is indeterminate.
Proof. If p is N-extremal with no atom at zero then x2p is 1-canonical. In fact, if k0 G L2(n) is such that fp(x)k0(x) dfi(x) = p(0) for all p G P (see [2, formula Let p = e0 + ex + e2 + e3 + a be an N-extremal measure where the support of a is different from {0,1,2,3}. Then v = e0 + ex + a is determinate and v*3 is indeterminate since it majorizes p. For any a g R we have that v * ea is determinate and (v * ea)*3 is indeterminate, and we choose a so small that 0 G supp(p * ea). Then x2(p*ea) is 1-canonical, so by the theorem of subtraction by Buchwalter and Cassier (see [3, Théorème 4]), x2(v*ea) is determinate. The measure 0 = i'(R)"1(i' * ea) has the desired properties. D 2.3. Applications, (a) The proof of Theorem 2.1 also shows that the N-extremal measure p is the sum of two determinate measures e0 and v. This result was used in Petersen [12] to construct a determinate measure in R2 with indeterminate marginal distributions.
(b) There are probabilities p and a, say on [0, oo[, with p indeterminate, o determinate and yet s"(p) < s "(a) for all n > 0. In fact if p is an N-extremal probability on [0, oo[ of the form p = \e0 + \a and 0 is not an atom of a, then s"(p)= bnio) for n > 1.
(c) The construction of Lemma 2.2 can be used to produce a counterexample to a statement of Heyde [9, Corollary 2], which in corrected form says: There exists an infinitely divisible and indeterminate probability p such that p is the only infinitely divisible measure tn [p] .
To see this we recall Kolmogorov's canonical representation of an infinitely divisible probability (lei *(R):
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where c g R and X g J(*{R) are uniquely determined by p (cf., e.g., Lukacs [11, p. 90]). Note that (2) dn , ., iogp(y) c, n = 1,
If Xx ~ X2 are different we may use (1) (with c = 0) to define two different infinitely divisible probabilities px, p2 g ^* (R), and from (2) it is easily seen that ¡ix -p2. Conversely, if fix ~ p2 are different infinitely divisible measures, then the corresponding measures X1( X2 given by (1) are different and satisfy Xx -X2 by (2) . This shows that if p is determinate then so is X. We give an example of an indeterminate infinitely divisible p, for which X is determinate, and get, as asserted, that p is the only infinitely divisible measure in [p] .
Let a be the measure constructed in Lemma 2.2 and define e 1ie0+ a + -a*a + ■■■ + -a*" + ••• ).
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Then p is infinitely divisible and majorizes a multiple of a*3, hence indeterminate. Since logp = ô -l, we see from (1) that X = x2a (and c = Jxdo(x)), so X is determinate.
3. Carleman's condition. A well-known sufficient condition for p g J( *(R) to be determinate is the Carleman condition It is possible that (C) holds for p and v but that fi*p is indeterminate.
Proof. The first part of the result is due to Devinatz [5] , and the last part follows from San Juan's construction. In fact, if p = e0 + p1; v = e0 + p2 then (C) holds for p and v, but p * v majorizes the Stieltjes measure and is therefore indeterminate. D 3.2. Proposition. //(C) holds for p g J(*(R) then it also holds for p * p.
Proof. We may assume p(R) = 1. By Holder's inequality we have, for 0 < k < 2w, Proof. If (C) holds for p,, it holds for ¡i, for t = 2"t0, n = 1,2,..., and hence for all t by Proposition 3.1. D 3.4. Remark. Let (p,)(>0 be a convolution semigroup as above. It follows by Theorem 1.3 that if p,o is determinate then so is p, for t < tQ. If X is the measure corresponding to px in (1) then rX corresponds to p,. If X is indeterminate then all measures in (p,)(>0 are indeterminate. We have not been able to decide if it is possible that p, is determinate for t < t0 < oo and p, is indeterminate for t > t0. If such an example exists then X must be determinate.
